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A RIGIDITY PROBLEM ON THE ROUND SPHERE
GIULIO CIRAOLO AND LUIGI VEZZONI
Abstract. We consider a class of overdetermined problems in rotationally symmetric spaces,
which reduce to the classical Serrin’s overdetermined problem in the case of the Euclidean
space. We prove some general integral identities for rotationally symmetric spaces which imply
a rigidity result in the case of the round sphere.
1. Introduction and statement of the result
We consider a class of overdetermined problems in rotationally symmetric spaces, which
consists of an elliptic boundary value problem where Dirichlet and Neumann conditions are
simultaneously imposed on the boundary. These kinds of problems are usually not well-posed
and the existence of a solution imposes strong restrictions on the shape of the domain where
the problem is defined.
The study of overdetermined problems in the Euclidean space starts with the seminal paper
of Serrin [9], where solutions of the following overdetermined torsion problem

∆u = f(u) in Ω ,
u = 0 on ∂Ω ,
uν = c on ∂Ω ,
(1.1)
are considered. Here, Ω is a bounded domain, c is a positive constant and f : R → R is a
C1-function. By using the method of the moving planes, Serrin proved that if (1.1) admits a
positive (or negative) solution then Ω is a ball and the solution u is radially symmetric. The
result extends to more general quasilinear elliptic problems, as proved in [9, 8].
In [10] Weinberger observed that the torsion problem

∆u = n in Ω ,
u = 0 on ∂Ω ,
uν = c on ∂Ω ,
(1.2)
can be treated by using a simplified approach, based only on basic integral inequalities and a
maximum principle for the so-called P -function. Notice that in this case u < 0 in Ω in view of
the maximum principle. From the geometric point of view, the case f ≡ n is special since the
Euclidean metric is the Hessian metric of the radial function ϕ(x) = |x|
2
2
and equation ∆u = n
is equivalent to
tr(∇2u) = tr(∇2ϕ) ,
where ∇2 is the Hessian. With this approach, Weinberger reduced the problem to solve the
equation
∇2u = ∇2ϕ ,
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instead of ∆u = n simplifying the original problem and proving the radial symmetry by using
the boundary condition u = 0 on ∂Ω. Weinberger’s approach was used in [2, 3, 4] to extend the
symmetry result to more general elliptic equations.
Still by using integral identities, Serrin’s theorem was extended to Hessian equations in [1].
The proof is in the same fashion as the one of Weinberger, but without using any P -function.
Serrin’s result was extended to the round sphere (Sn, gSn) in [5] and [6] by using a moving planes
approach.
The aim of the present paper is to prove a Serrin’s type result on the round sphere without
using the moving plane method, but employing basic integral inequalities in the same spirit as
[1, 10]. A natural obstruction in using Weinberger’s approach is that the round metric on the
sphere is not a Hessian metric. However, this approach is still successful when one replaces
∆u = n with ∆u = ψ, ψ being a radial function from the north pole, since it turns out that the
metric ψ gSn is the Hessian of a function ϕ on the Hemisphere S
n
+ for a suitable choice of ψ.
Indeed, by using polar coordinates, a rotationally symmetric space can be identified with
an open ball B of Rn equipped by a rotationally symmetric metric g = dr2 + h2(r)gSn−1 . For
instance, h(r) = r in the Euclidean case, h(r) = sin r in the case of the sphere and h(r) = sinh r
in the case of the hyperbolic space. By using this notation, problem (1.1) can be written in
terms of h as 

∆u = nh˙ in Ω ,
u = 0 on ∂Ω ,
uν = c on ∂Ω .
(1.3)
Our goal is to provide a rigidity result for (1.3) which makes use of integral identities. As far
as we know, this approach has been successfully employed in the Euclidean space, but it is new
for overdetermined problems in more general Riemannian manifolds. Our main result is the
following.
Theorem 1.1. Let Ω be a domain in the round sphere (Sn, gSn), n ≥ 2, whose closure is
contained in the Hemisphere Sn+. Assume that the following problem has a solution

∆u = n cos(d) in Ω ,
u = 0 on ∂Ω ,
∂νu = c on ∂Ω ,
(1.4)
where d : Sn+ → R is the geodesic distance from the north pole and c is a nonzero constant. Then
Ω is a geodesic ball about the north pole and u is a radial function.
It is worth to be remarked that equation ∆u = n cos(d) can be alternatively written in the
2-dimensional hemisphere as
∆˜u = 2 ,
where ∆˜ is the Laplace operator of g˜ = cos(d) gS2 . Therefore we have the following direct
consequence of theorem 1.1.
Corollary 1.2. Let Ω be a domain in the 2-dimesional round sphere whose closure is contained
in the Hemisphere S2+. Let g˜ = cos(d)gS2 be the conformal change of round metric in the
Hemisphere obtained by using the geodesic distance d from the north pole, and let ∆˜ be the
Lapalce operator of g˜. Then the problem

∆˜u = 2 in Ω ,
u = 0 on ∂Ω ,
∂νu = c on ∂Ω ,
has a solution if and only if Ω is a geodesic ball about the north pole and u is a radial function.
3Our approach for proving Theorem 1.1 consists in providing some general integral identities
in rotationally symmetric spaces which in the case of the sphere imply the result. We notice that
in the Euclidean case h˙(r) = 1 and problem (1.3) is invariant under translations. On the other
hand, in the Hemisphere one has h˙(r) = cos r and it is clear that the origin is a distinguished
point. However, in spite of this different behaviour, our proof works in both cases. We mention
that our proof works also in the Euclidean space, where it is a somehow simplified version of
the one in [1] (see Corollary 4.2 below).
The paper is organized as follows. In section 2 we introduce some notation. In section 3 we
prove a Pohozˇaev type identity in rotationally symmetric spaces and in section 4, starting from
the Bochner-Weitzenbo¨ck formula on Riemannian manifolds, we deduce some general identities
involving solutions to (1.3) in an arbitrary rotationally symmetric space. Moreover, we use the
basic inequality
|∇2u| ≥
1
n
(∆u)2
to obtain a chain of integral inequalities where the equality sign is achieved if and only if the
solution u satisfies ∇2u = h˙gSn .
Acknowledgements. The authors are grateful to Antonio J. Di Scala for useful conversations
about this paper.
2. Notation
In this short section we declare some notation we are going to adopt in the following. Even
many of them are standard, we prefer to declare them for the reader’s convenience.
Given a Riemannian manifold (M,g), we denote by ∇ the Levi-Civita connection of g and
by Γkij the Christoffel symbols of ∇. If L is any tensor on M , we denote by |L| the pointwise
norm of L with respect to g. Given a C2-map u : M → R, we denote by Du the gradient of u,
i.e. the dual field of the differential of u with respect to g, and by ∇2u = ∇du the Hessian of u.
By definition ∇2 is a symmetric 2-tensor whose components in local coordinates take the follow
expression
(D2u)ij = uij − Γ
k
ijuk .
We denote by ∆ the Laplacian operator induced by g. ∆u can be defined as the trace of ∇2u
with respect to g and, accordingly, it takes the following local expression
∆u = gijuij − g
ijΓkijuk ,
where gij are the components of the metric g and (g
ij) is the inverse matrix to (gij).
Every C2-map u on a Riemannian manifold always satisfies the so-called Bochner-Weitzenbo¨ck
formula
1
2
∆|Du|2 = |∇2u|2 + g(D(∆u),Du) +Ric(Du,Du) , (2.1)
where Ric is the Ricci tensor of g.
Given a vector field X on an oriented Riemannian manifold (M,g), we denote by divX the
divergence of X with respect to g. If ek is a local orthonormal frame on (M,g), then
divX =|loc
n∑
k=1
g(∇ekX, ek) ;
notice that, if u is a C1-map on M , we have
div(uX) = g(Du,X) + udiv(X) .
For a C1 vector field X, the divergence theorem is given by∫
Ω
divX =
∫
∂Ω
g(X, ν) ,
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where ν is the outward normal to Ω and Ω is a bounded domain regular enough. Here and in
the rest of the paper, all the integrations are computed with respect to the volume form of g,
which will be omitted.
In this paper we mainly focus on rotationally symmetric spaces. By a rotationally symmetric
space we refer to an open ball B of Rn centered at the origin O (including the case B = Rn)
equipped by a Riemannian metric g which writes in polar coordinates as
g = dr2 + h2gSn−1 ,
where gSn−1 is the round metric of the (n−1)-dimensional sphere S
n−1 and h : [0, r¯),→ [0,+∞)
is a smooth map such that h(0) = 0 and h˙ > 0, r¯ being the radius of B. For instance, the
Euclidean space and the Hemisphere belong to this class of examples. Notice that if f : B → R
is a radial function, then its Hessian takes the following expression
∇2f = f¨ dr2 + f˙hh˙ gSn−1 .
In particular if we consider a radial function H which is a primitive of h we have
∇2H = h˙ g . (2.2)
3. A Pohozˇaev-type identity in rotationally symmetric spaces
A crucial tool for proving Serrin’s result in [1] and [10] is the Pohozˇaev identity, which in
the Euclidean space is given by
n− 2
2
∫
Ω
|Du|2 −
∫
Ω
(x ·Du)∆u =
1
2
∫
∂Ω
|Du|2(x · ν)−
∫
∂Ω
(x ·Du)∂νu , (3.1)
where u : Ω¯ → R is a function of class C2 (see [7]). Our symmetry result will be based on the
following generalization of the Pohozˇaev identity to rotationally symmetric spaces.
Proposition 3.1. Let (B, g = dr2+h2gSn−1) be an n-dimensional rotationally symmetric space
and let X = h∂r. Then
div
(
|Du|2
2
X − hurDu
)
=
n− 2
2
h˙|Du|2 − hur∆u , (3.2)
for every map u : B → R of class C2.
Proof. Let {e˜2, . . . , e˜n} be a local orthonormal frame of S
n−1. Then
e1 = ∂r , ek =
1
h
e˜k , k = 2, . . . , n ,
is a local orthonormal frame of B with respect to g. In order to simplify the notation we set
f =
|Du|2
2
, ℓ = g(X,Du) = hur .
We readily have
div (fX − ℓDu) = g(Df,X) + fdivX− g(Dℓ,Du) − ℓ∆u
= hfr + fdivX− urg(Dh,Du) − hg(Dur,Du)− ℓ∆u
= hfr + fdivX− h˙(ur)
2 − hg(Dur,Du)− ℓ∆u .
Moreover,
divX =
n∑
k=1
g(∇ekh∂r, ek) = h˙+
n∑
k=1
hg(∇ek∂r, ek) .
Furthermore the Koszul formula implies that for k 6= 1 we have
g(∇ek∂r, ek) = g([ek, ∂r], ek) = g([h
−1e˜k, ∂r], h
−1e˜k) =
h˙
h
5and so
divX = nh˙ . (3.3)
Now,
Dur =
n∑
k=1
ek(∂ru)ek = urr +
n∑
k=2
h−1e˜k(∂ru)ek = urr∂r +
n∑
k=2
h−1∂r(e˜ku)ek
=
n∑
k=1
∂r(eku)ek +
n∑
k=2
h−1h˙(eku)ek
and
fr =
1
2
∂rg(Du,Du) =
n∑
k=1
∂r(ek(u))ek(u) ,
imply that
fr − g(Dur,Du) = −
n∑
k=2
h−1h˙(eku)ek(u) .
So
div (fX − ℓDu) = nfh˙− h˙|Du|2 − ℓ∆u =
n− 2
2
h˙|Du|2 − h∂ru∆u ,
i.e.
div
(
|Du|2g
2
X − hurDu
)
=
n− 2
2
h˙|Du|2 − hur∆u ,
as required. 
4. General results on rotational symmetric spaces
In this section we focus on problem (1.3) on rotationally symmetric spaces. The main result
of this section is the following proposition.
Proposition 4.1. Let (B, g = dr2 + h2 gSn−1) be a rotationally symmetric space and let Ω be a
bounded domain whose closure is contained in B. Then every C2-solution u to

∆u = nh˙ in Ω ,
u = 0 on ∂Ω ,
∂νu = c on ∂Ω ,
(4.1)
where c is a positive constant, satisfies
1
2
∫
Ω
(−u)∆|Du|2 ≥ n
∫
Ω
−uh˙2 + n
∫
Ω
−uurh¨+
∫
Ω
−uRic(Du,Du) , (4.2)
and the equality sign holds if and only if
∇2u = ∇2(H) ,
where H is a primitive of h. Furthermore
1
2
∫
Ω
(−u)∆|Du|2 = n
∫
Ω
−uh˙2 + n
∫
Ω
−uhh¨− (n− 1)
∫
Ω
−uurh¨ . (4.3)
Proof. Inequality (4.2) can be easily obtained by combining the Bochner-Weitzenbo¨ck formula
and the Newton inequality. Indeded, by applying (4.5) to a solution of (4.1) and taking into
account the Newton inequality
n|∇2u|2 ≥ (∆u)2 , (4.4)
we get
1
2
∆|Du|2g ≥
1
n
(∆u)2 + nurh¨+Ric(Du,Du) (4.5)
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pointwise. Since h˙ > 0, then u ≤ 0 in Ω¯ and from ∆u = nh˙ we obtain (4.2).
Furthermore, if the equality sign in (4.2) holds, then∫
Ω
−u
(
|∇2u|2 −
1
n
(∆u)2
)
= 0 ,
which implies that the equality sign holds in Newton’s inequality (4.4) and, since ∆u = nh˙, we
obtain
∇2u = h˙ g .
Moreover, if H is a primitive of h, then formula (2.2) implies
∇2u = ∇2H ,
as required.
The proof of (4.3) is more involved. Since
div(−uD|Du|2) = −g(Du,D|Du|2)− u∆|Du|2
and u vanishes on ∂Ω, the divergence theorem implies∫
Ω
(−u)∆|Du|2 =
∫
Ω
g(Du,D|Du|2) .
Moreover,
div(|Du|2Du) = g(Du,D|Du|2) + |Du|2∆u = g(Du,D|Du|2) + nh˙|Du|2
and so, keeping in mind that Du = cν, we have
1
2
∫
Ω
(−u)∆|Du|2 =
1
2
∫
Ω
div(|Du|2Du)−
n
2
∫
Ω
h˙|Du|2
=
1
2
∫
∂Ω
|Du|2g(Du, ν)−
n
2
∫
Ω
h˙|Du|2
=
c3
2
|∂Ω| −
n
2
∫
Ω
h˙|Du|2 ,
i.e.,
1
2
∫
Ω
(−u)∆|Du|2 =
c3
2
|∂Ω| −
n
2
∫
Ω
h˙|Du|2 . (4.6)
Since u = 0 on ∂Ω, we have∫
Ω
h˙|Du|2 =
∫
Ω
div(h˙uDu)−
∫
Ω
h˙u∆u−
∫
Ω
ug(Dh˙,Du) = n
∫
Ω
−uh˙2 +
∫
Ω
−uurh¨ ,
i.e. ∫
Ω
h˙|Du|2 = n
∫
Ω
−uh˙2 +
∫
Ω
−uurh¨ . (4.7)
In order to treat |∂Ω| in (4.6) and in (4.2) we need to show some preliminary formulas. We
first notice that since u satisfies (4.1) then
|∂Ω| =
∫
∂Ω
1
c
∂νu =
1
c
∫
Ω
∆u =
n
c
∫
Ω
h˙ ,
which implies
|∂Ω| =
n
c
∫
Ω
h˙ . (4.8)
Furthermore we need to show that
c2
∫
Ω
h˙ =
∫
Ω
−u
(
(n+ 2)h˙2 + 2hh¨
)
−
n− 2
n
∫
Ω
−uurh¨ . (4.9)
7To prove (4.9), we integrate (3.2) and obtain∫
Ω
div
(
|Du|2
2
X − hurDu
)
=
n− 2
2
∫
Ω
h˙|Du|2 −
∫
Ω
hur∆u .
Since ν = 1
c
Du on ∂Ω, we have∫
Ω
div
(
|Du|2
2
X − hurDu
)
=
c2
2
∫
∂Ω
g(X, ν) − c
∫
∂Ω
hur =
c2
2
∫
∂Ω
g(X, ν) − c2
∫
∂Ω
g(X, ν)
= −
c2
2
∫
∂Ω
g(X, ν) = −
c2
2
∫
Ω
divX = −
nc2
2
∫
Ω
h˙ ,
and equation (4.7) implies
−
c2n
2
∫
Ω
h˙ =
n− 2
2
∫
Ω
(
−unh˙2 − uurh¨
)
− n
∫
Ω
urhh˙ . (4.10)
Since
urhh˙ = g(Du,D(h
2/2)) ;
div(uD(h2/2)) = g(Du,D(h2/2)) + u∆(h2/2) ;
∆(h2/2) = nh˙2 + hh¨ ,
we have, ∫
Ω
urhh˙ =
∫
Ω
div
(
uD(h2/2)
)
−
∫
Ω
u∆(h2/2) =
∫
Ω
−u
(
nh˙2 + hh¨
)
.
Hence equation (4.10) implies
−
c2n
2
∫
Ω
h˙ =
n− 2
2
∫
Ω
(
−unh˙2 − uurh¨
)
− n
∫
Ω
−u
(
nh˙2 + hh¨
)
which is equivalent to (4.9).
Combining (4.8) and (4.9), we get
c3
2
|∂Ω| =
c2n
2
∫
Ω
h˙ =
n
2
∫
Ω
−u
(
(n+ 2)h˙2 + 2hh¨
)
−
n− 2
2
∫
Ω
−uurh¨
and then, by taking into account (4.6) and (4.7), we get (4.3). 
Proposition 4.1 readily implies Serrin’s theorem for problem (1.1) in the Euclidean space.
Namely,
Corollary 4.2. Let Ω ⊆ Rn be a bounded domain in the Euclidean space and assume that
problem 1.1 has a solution in Ω. Then Ω is a ball and u is radial.
Proof. In the Euclidean case, i.e. when h(r) = r and B = Rn, equations (4.2) and (4.3) agree.
So in particular the equality sign in (4.2) holds and ∇2u = Id which, together with the condition
u = 0 on ∂Ω, implies that u = |x−x0|
2−R2 and Ω = BR(x0), for some x0 ∈ R
n and R > 0. 
In contrast to the Euclidean case, theorem 1.1 does not directly follow from proposition 4.1,
and we need to prove the next proposition.
Proposition 4.3. Under the same assumptions of proposition 4.1, we have∫
Ω
−u|Du|2 =
∫
Ω
−uhur , (4.11)∫
Ω
−u
(
|Du|2 − h2
)
≤ 0 . (4.12)
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Proof. Let u be a C2-solution to (4.1), then (3.3) implies
div
(
u2
2
h∂r
)
= uurh+ n
u2
2
h˙
and, by taking into account that u vanishes on ∂Ω, we get∫
Ω
u2
2
nh˙ =
∫
Ω
−uhur ;
hence ∫
Ω
−u|Du|2 =
∫
Ω
u2
2
∆u =
∫
Ω
u2
2
nh˙ =
∫
Ω
−uhur ,
which gives (4.11). Moreover,∫
Ω
−u|Du|2 =
∫
Ω
−uhur ≤
1
2
∫
Ω
−uh2 +
1
2
∫
Ω
−uu2r ≤
1
2
∫
Ω
−uh2 +
1
2
∫
Ω
−u|Du|2 ,
where in the last step we have used u2r ≤ |Du|
2, which implies∫
Ω
−u
(
|Du|2 − h2
)
≤ 0 ,
as required. 
5. Proof of theorem 1.1
In this section we prove theorem 1.1 and give some remark.
Proof of theorem 1.1. The hemisphere (Sn+, gSn) can be regarded as the open ball B of R
n of
radius π/2 equipped with the rotationally symmetric metric
g = dr2 + h2 gSn−1 ,
where h(r) = sin(r). Problem (1.4) writes in this setting as (4.1).
Since
h¨ = −h , Ric(Du,Du) = (n− 1)|Du|2 ,
by using (4.3) and (4.11), we get that in this case (4.2) is equivalent to∫
Ω
−u|Du|2 −
∫
Ω
−uh2 ≥ 0 ,
which is the reverse inequality of (4.12). Therefore the equality sign in (4.2) holds and proposi-
tion 4.1 implies that
D2(u−H) = 0 ,
where H is a primitive of h. It follows that u −H is constant and so u is a primitive of h. In
particular u is a radial function and Ω is a ball centered at O. 
Remark 5.1. It is quite natural to ask if an analogue of theorem 1.1 can be proven on the
Hyperbolic space. Unfortunately, our argument fails in the hyperbolic space since (4.2) reduces
to (4.12).
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